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❛♥ ❡❧❡♠❡♥t u ✐♥ ❛ t❡♥s♦r ♣r♦❞✉❝t s♣❛❝❡ V = V1⊗ . . .⊗ Vd✱ ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥
♦❢ ❛ ♣r♦❜❧❡♠
A(u) = l. ✭✶✮
❆ r❛♥❦✲n ❛♣♣r♦①✐♠❛t❡❞ s❡♣❛r❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ un ♦❢ u ✐s ❞❡✜♥❡❞ ❜②
un =
n∑
i=1
v1i ⊗ . . .⊗ vdi , ✭✷✮
✇✐t❤ vki ∈ Vk ❢♦r 1 ≤ i ≤ n ❛♥❞ 1 ≤ k ≤ d. ❚❤❡ ❛ ♣♦st❡r✐♦r✐ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤
t❡♥s♦r ❞❡❝♦♠♣♦s✐t✐♦♥s✱ ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ u ✐s ❦♥♦✇♥✱ ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧②
st✉❞✐❡❞ ♦✈❡r t❤❡ ♣❛st ②❡❛rs ✐♥ ♠✉❧t✐❧✐♥❡❛r ❛❧❣❡❜r❛ ❝♦♠♠✉♥✐t② ❬✻✱ ✼✱ ✶✸✱ ✶✹✱ ✹✱ ✽❪
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❢✉♥❝t✐♦♥❛❧s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❤❛t ❛❞♠✐t ❛ ❧♦✇ r❛♥❦ r❡♣r❡s❡♥t❛t✐♦♥✳
❙❡✈❡r❛❧ P●❉ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❛ss♦❝✐❛t❡❞ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✭s❡❡
❡✳❣✳ ❬✷✵✱ ✷✸✱ ✺❪✮ ❛♥❞ ❤❛✈❡ ♣r♦✈❡❞ t❤❡✐r ❡✣❝✐❡♥❝② ✐♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❍♦✇✲
❡✈❡r✱ ❢♦r ♠♦st P●❉ ❞❡✜♥✐t✐♦♥s✱ t❤❡✐r ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s r❡♠❛✐♥ ♦♣❡♥✳ ■♥
✷
t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ P●❉✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❞❡✜♥✐♥❣
t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✷✮ ♣r♦❣r❡ss✐✈❡❧②✳ ❚❤✐s ✐s ❛ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ P●❉ ✇❤✐❝❤
✇❛s ♣r♦♣♦s❡❞ ✐♥ ❬✶✺✱ ✶✾✱ ✶❪✳ ❆ ♣r♦♦❢ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r P●❉ ❤❛s
❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✽❪✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ s❡❝♦♥❞ ♦r❞❡r ❡❧❧✐♣t✐❝ s②♠♠❡tr✐❝ ♣❛rt✐❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥✱ ❛♥❞ ✐♥ ❬✸❪✱ ❢♦r t❤❡ ❝❛s❡
♦❢ ❧✐♥❡❛r s②st❡♠s ✇✐t❤ ❛ ❢✉❧❧ r❛♥❦ sq✉❛r❡ ♠❛tr✐①✳
❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤✐s P●❉ ❢♦r ❛ ❧❛r❣❡r ❝❧❛ss
♦❢ ♣r♦❜❧❡♠s ✐♥ ❛♥ ❛❜str❛❝t s❡tt✐♥❣✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❊❝❦❛rt ❛♥❞
❨♦✉♥❣ t❤❡♦r❡♠ ❬✶✶❪ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣r♦❣r❡ss✐✈❡ P●❉s
❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❧✐♥❡❛r ♣r♦❜❧❡♠s ❞❡✜♥❡❞ ✐♥ t❡♥s♦r ♣r♦❞✉❝t ❍✐❧❜❡rt s♣❛❝❡s✳
❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❡♥s♦r ♣r♦❞✉❝t ❍✐❧❜❡rt s♣❛❝❡s ❛♥❞ t❤❡✐r s✉❜s❡ts Sn ♦❢ r❛♥❦✲n t❡♥s♦rs✳ ❲❡
t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ s❡t S1✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r
✐♥♥❡r ♣r♦❞✉❝ts ♠❛❦✐♥❣ t❤❡ s❡t S1 ✇❡❛❦❧② ❝❧♦s❡❞ ✐♥ V ✳ ❲❡ ♣r♦✈❡ t❤❛t t❤✐s
♣r♦♣❡rt② ✐s s❛t✐s✜❡❞ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ✐♥♥❡r ♣r♦❞✉❝t ❝♦♥str✉❝t❡❞ ❜② t❡♥s♦r✐③❛t✐♦♥
♦❢ ✐♥♥❡r ♣r♦❞✉❝ts ♦♥ ✐♥❞✐✈✐❞✉❛❧ ❍✐❧❜❡rt s♣❛❝❡s Vi✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣r♦❣r❡ss✐✈❡ s❡♣❛r❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ zn ∈ Sn ♦❢ ❛♥ ❡❧❡♠❡♥t z ∈ V ✱
❜❛s❡❞ ♦♥ s✉❝❝❡ss✐✈❡ r❛♥❦✲♦♥❡ ♣r♦❥❡❝t✐♦♥s✳ ❲❡ ♣r♦✈❡ ✐ts ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡♦r❡♠
✶✹✱ ✇❤✐❝❤ ❝♦♥st✐t✉t❡s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❊❝❦❛rt✲❨♦✉♥❣ t❤❡♦r❡♠✳ ■♥ s❡❝t✐♦♥
✹✱ ✇❡ ❛♣♣❧② t❤✐s t❤❡♦r❡♠ ❢♦r ♣r♦✈✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ♣r♦❣r❡ss✐✈❡ Pr♦♣❡r
●❡♥❡r❛❧✐③❡❞ ❉❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❛ ❝❧❛ss ♦❢ ❧✐♥❡❛r s②♠♠❡tr✐❝ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ✐♥
❛❜str❛❝t ❢♦r♠✳ ■♥ s❡❝t✐♦♥ ✺✱ ✇❡ ✜♥❛❧❧② ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠❛❧
r❡s✐❞✉❛❧ ♣r♦❣r❡ss✐✈❡ Pr♦♣❡r ●❡♥❡r❛❧✐③❡❞ ❉❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❝❧❛ss ♦❢
❧✐♥❡❛r ♥♦♥✲s②♠♠❡tr✐❝ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ✉s❡s ❛ ♠✐♥✐♠❛❧ r❡s✐❞✉❛❧ ✭❧❡❛st✲sq✉❛r❡✮
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳
✷✳ ❚❡♥s♦r ♣r♦❞✉❝t s✉♠s ❛♥❞ t❡♥s♦r r❛♥❦✲✶ ♣r♦❥❡❝t✐♦♥
✷✳✶✳ ❚❡♥s♦r ♣r♦❞✉❝t s✉♠s ♦♥ t❡♥s♦r ♣r♦❞✉❝t ❍✐❧❜❡rt s♣❛❝❡s
▲❡t V =
⊗d
i=1 Vi ❜❡ ❛ t❡♥s♦r ♣r♦❞✉❝t ❍✐❧❜❡rt s♣❛❝❡ ✇❤❡r❡ Vi✱ ❢♦r i =
1, 2, . . . , d✱ ❛r❡ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s✳ ❲❡ ❞❡♥♦t❡ ❜② (·, ·) ❛♥❞ ‖ · ‖ ❛ ❣❡♥✲
❡r❛❧ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ V ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ♥♦r♠✳ ❲❡ ✐♥tr♦❞✉❝❡ ♥♦r♠s ‖ · ‖i ❛♥❞
❛ss♦❝✐❛t❡❞ ✐♥♥❡r ♣r♦❞✉❝ts (·, ·)i ♦♥ Vi✱ ❢♦r i = 1, 2, . . . , d✳ ❚❤❡s❡ ♥♦r♠s ❛♥❞ ✐♥♥❡r
♣r♦❞✉❝ts ❞❡✜♥❡ ❛ ♣❛rt✐❝✉❧❛r ♥♦r♠ ♦♥ V ✱ ❞❡♥♦t❡❞ ‖ · ‖V ✱ ❞❡✜♥❡❞ ❜②
‖ ⊗di=1 vi‖V =
d∏
i=1
‖vi‖i,
❢♦r ❛❧❧ (v1, v2, . . . , vd) ∈ V✱ ✇❤❡r❡ V ✐s t❤❡ ♣r♦❞✉❝t s♣❛❝❡ V1 × · · · × Vd✳ ❚❤❡
❛ss♦❝✐❛t❡❞ ✐♥♥❡r ♣r♦❞✉❝t (·, ·)V ✐s ❞❡✜♥❡❞ ❜②
(⊗di=1ui,⊗di=1vi)V = d∏
i=1
(ui, vi)i,
✸
❘❡❝❛❧❧ t❤❛t V ✱ ❡♥❞♦✇❡❞ ✇✐t❤ ✐♥♥❡r ♣r♦❞✉❝t (·, ·)V ✱ ✐s ✐♥ ❢❛❝t ❝♦♥str✉❝t❡❞ ❜② t❛❦✲
✐♥❣ t❤❡ ❝♦♠♣❧❡t✐♦♥ ✉♥❞❡r t❤✐s ✐♥♥❡r ♣r♦❞✉❝t✳
◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡t ♦❢ V ♦❢ ✈❡❝t♦rs t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s✉♠ ♦❢
t❡♥s♦r✲r❛♥❦ 1 ❡❧❡♠❡♥ts✳ ❋♦r ❡❛❝❤ n ∈ N, ✇❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ r❛♥❦✲n t❡♥s♦rs
Sn = {u ∈ V : r❛♥❦⊗u ≤ n},
✐♥tr♦❞✉❝❡❞ ✐♥ ❬✽❪ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ●✐✈❡♥ u ∈ V ✇❡ s❛② t❤❛t u ∈ S1 ✐❢
u = u1 ⊗ u2 ⊗ · · · ⊗ ud, ✇❤❡r❡ ui ∈ Vi, ❢♦r i = 1, . . . , d. ❋♦r n ≥ 2 ✇❡ ❞❡✜♥❡
✐♥❞✉❝t✐✈❡❧② Sn = Sn−1 + S1, t❤❛t ✐s✱
Sn =
{
u ∈ V : u =
k∑
i=1
u(i), u(i) ∈ S1 ❢♦r 1 ≤ i ≤ k ≤ n
}
.
◆♦t❡ t❤❛t Sn ⊂ Sn+1 ❢♦r ❛❧❧ n ≥ 1. ❲❡ ✇✐❧❧ s❛② ❢♦r u ∈ V t❤❛t r❛♥❦⊗u = n ✐❢
❛♥❞ ♦♥❧② ✐❢ u ∈ Sn \ Sn−1.
❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t❤❡ s❡t S1 ❛♥❞ ✐♥♥❡r
♣r♦❞✉❝t ‖ · ‖V ✳
▲❡♠♠❛ ✶✳ S1 ✐s ✇❡❛❦❧② ❝❧♦s❡❞ ✐♥ (V, ‖ · ‖V )✳
Pr♦♦❢✳ ❙✐♥❝❡
⊗di=1vi = v1
(
d∏
i=2
‖vi‖i
)
⊗
(
⊗di=2
vi
‖vi‖i
)
,
✇❡ ♠❛② ❛ss✉♠❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t ‖vi‖i = 1 ❢♦r i = 2, . . . , d. ◆♦✇✱
❛ss✉♠❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ {⊗di=1vni }∞n=1 ⊂ S1 ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ v ∈ V ✐♥
t❤❡ ‖ · ‖V ✲♥♦r♠✳ ■t ✐♠♣❧✐❡s t❤❛t {
⊗d
i=1 v
n
i }∞n=1 ✐s ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ t❤❡
‖ · ‖V ✲♥♦r♠✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ❢♦r i = 2, . . . , d, t❤❡ s❡q✉❡♥❝❡ {vni }∞n=1 ✐s ❜♦✉♥❞❡❞
✐♥ t❤❡ ‖ · ‖i✲♥♦r♠✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ {vnki }∞k=1 t❤❛t ❝♦♥✈❡r❣❡s ✇❡❛❦❧②
t♦ v∗i ∈ Vi. ❙✐♥❝❡ ‖
⊗d
i=1 v
nk
i ‖V = ‖vnk1 ‖1✱ t❤❡♥ {vnk1 }∞n=1 ✐s ❛❧s♦ ❜♦✉♥❞❡❞ ✐♥
t❤❡ ‖ · ‖1✲♥♦r♠✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ❢✉rt❤❡r s✉❜s❡q✉❡♥❝❡ {vnk1 }∞k=1
t❤❛t ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ v∗1 ∈ V1. ❈❧❡❛r❧②✱ {⊗di=1vnki }∞k=1 ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦
⊗di=1v∗i ❛♥❞ ❜② t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❧✐♠✐t✱ ✇❡ ♦❜t❛✐♥ t❤❛t v ∈ S1. ❚❤✐s ♣r♦✈❡s
t❤❡ ❧❡♠♠❛✳ 
❙✐♥❝❡ ❡q✉✐✈❛❧❡♥t ♥♦r♠s ✐♥❞✉❝❡ t❤❡ s❛♠❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦♥ V ✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳
❈♦r♦❧❧❛r② ✷✳ ■❢ t❤❡ ♥♦r♠ ‖ · ‖ ♦♥ V ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖ · ‖V ✱ t❤❡♥ S1
✐s ✇❡❛❦❧② ❝❧♦s❡❞ ✐♥ (V, ‖ · ‖)✳
❈♦r♦❧❧❛r② ✸✳ ■❢ t❤❡ Vi ❛r❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦rs s♣❛❝❡s✱ t❤❡♥ S1 ✐s ✇❡❛❦❧②
❝❧♦s❡❞ ✐♥ (V, ‖ · ‖) ✇❤❛t❡✈❡r t❤❡ ♥♦r♠ ‖ · ‖✳
✹
✷✳✷✳ ❆ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛ t❡♥s♦r r❛♥❦✲♦♥❡ ♣r♦❥❡❝t✐♦♥
◆♦✇ ✇❡ ✇❛♥t t♦ ❝❤❛r❛❝t❡r✐③❡ ❛ ♣r♦❥❡❝t✐♦♥ ♦♥ S1✱ ❝❛❧❧❡❞ ❛ t❡♥s♦r r❛♥❦✲♦♥❡
♣r♦❥❡❝t✐♦♥✱ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣✐✈❡♥ ✐♥♥❡r ♣r♦❞✉❝t (·, ·) ♦♥ V ✱ ✇✐t❤ ❛ss♦❝✐❛t❡❞
♥♦r♠ ‖ · ‖✳ ❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t✳
❆ss✉♠♣t✐♦♥ ✹✳ ❲❡ s✉♣♣♦s❡ t❤❛t ✐♥♥❡r ♣r♦❞✉❝t (·, ·)✱ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ♥♦r♠ ‖·‖✱
✐s s✉❝❤ t❤❛t S1 ✐s ✇❡❛❦❧② ❝❧♦s❡❞ ✐♥ (V, ‖ · ‖)✳
▲❡t ✉s r❡❝❛❧❧ t❤❛t ❜② ❈♦r♦❧❧❛r② ✷✱ t❤❡ ♣❛rt✐❝✉❧❛r ♥♦r♠ ‖ · ‖V ✈❡r✐✜❡s ❆ss✉♠♣t✐♦♥
✹✳
❉❡✜♥✐t✐♦♥ ✺✳ ❆ t❡♥s♦r r❛♥❦✲♦♥❡ ♣r♦❥❡❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥♥❡r ♣r♦❞✉❝t (·, ·)✱
✇✐t❤ ❛ss♦❝✐❛t❡❞ ♥♦r♠ ‖·‖ ✈❡r✐❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✹✱ ✐s ❛ ♠❛♣ Π : z ∈ V 7→ Π(z) ⊂
S1 ❞❡✜♥❡❞ ❜②
Π(z) = arg min
v∈S1
‖z − v‖2 ✭✸✮
❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✻ ♣r♦✈❡s t❤❛t ❆ss✉♠♣t✐♦♥ ✹ ✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥
t❤❡ ✐♥♥❡r ♣r♦❞✉❝t (·, ·) ❢♦r t❤❡ ♠❛♣ Π t♦ ❜❡ ✇❡❧❧ ❞❡✜♥❡❞✳
▲❡♠♠❛ ✻✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✱ ❢♦r ❡❛❝❤ z ∈ V ✱ t❤❡r❡ ❡①✐sts v∗ ∈ S1 s✉❝❤ t❤❛t
‖z − v∗‖2 = min
v∈S1
‖z − v‖2
Pr♦♦❢✳ ❲❡ ❤❛✈❡
min
v∈S1
‖z − v‖2 = min
λ∈R,w∈S1:‖w‖=1
‖z − λw‖2 ✭✹✮
= min
λ∈R,w∈S1:‖w‖=1
‖z‖2 − λ(w, z) + λ2 ✭✺✮
= min
w∈S1:‖w‖=1
‖z‖2 − (z, w)2 ✭✻✮
= ‖z‖2 − max
w∈S1:‖w‖=1
(z, w)2 ✭✼✮
= ‖z‖2 −
(
max
w∈S1:‖w‖=1
(z, w)
)2
✭✽✮
❙✐♥❝❡ S1 ✐s ❛ ✇❡❛❦❧② ❝❧♦s❡❞ s❡t✱ t❤❡♥ t❤❡ s❡t {w ∈ S1 : ‖w‖ ≤ 1} ✐s ✇❡❛❦❧②
❝♦♠♣❛❝t✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs v∗ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢
♠❛①✐♠✐③❡rs w∗ ♦❢ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ w → (z, w) ♦♥ ❛ ✇❡❛❦❧② ❝♦♠♣❛❝t s❡t✳ ❚♦
❡♥❞ t❤❡ ♣r♦♦❢ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ‖w∗‖ = 1. ❆ss✉♠❡ t❤❛t ‖w∗‖ < 1 t❤❡♥ ✐t
❢♦❧❧♦✇s t❤❛t
(z, w∗) ≥ λ (z, w∗)
❢♦r ❛❧❧ λ ≤ 1/‖w∗‖. ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r λ = 1/‖w∗‖ ✇❡ ♦❜t❛✐♥ ‖w∗‖ ≥ 1, ❛
❝♦♥tr❛❞✐❝t✐♦♥✳ 
❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ ❞♦♠✐♥❛♥t s✐♥❣✉❧❛r ✈❛❧✉❡
❛♥❞ ❞♦♠✐♥❛♥t s✐♥❣✉❧❛r ✈❡❝t♦rs ❢♦r ❛♥ ❡❧❡♠❡♥t ✐♥ ❛ t❡♥s♦r ♣r♦❞✉❝t s♣❛❝❡✳
✺
❉❡✜♥✐t✐♦♥ ✼✳ ❚❤❡ ❞♦♠✐♥❛♥t s✐♥❣✉❧❛r ✈❛❧✉❡ σ(z) ≥ 0 ♦❢ ❛♥ ❡❧❡♠❡♥t z ∈ V ❛♥❞
t❤❡ ❛ss♦❝✐❛t❡❞ s❡t ♦❢ ❞♦♠✐♥❛♥t s✐♥❣✉❧❛r ✈❡❝t♦rs V(z) ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ❜②
σ(z) = max
w∈S1:‖w‖=1
(z, w), ✭✾✮
❛♥❞
V(z) = {w ∈ S1 : ‖w‖ = 1 ❛♥❞ σ(z) = (z, w)}. ✭✶✵✮
❚❤❡ t❡♥s♦r r❛♥❦✲♦♥❡ ♣r♦❥❡❝t♦r Π ❝❛♥ ❜❡ ✇r✐tt❡♥
Π(z) = σ(z)V(z) ✭✶✶✮
✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r v∗ ∈ Π(z)✱ t❤❡r❡ ❡①✐sts w∗ ∈ V(z) s✉❝❤ t❤❛t v∗ = σ(z)w∗✳
▲❡t ✉s ♥♦t❡ t❤❛t ❢♦r ❛ ❣✐✈❡♥ z✱ Π(z) ✐s ❛ ♠✉❧t✐✲✈❛❧✉❛t❡❞ ♠❛♣ ✐❢ s✐♥❣✉❧❛r ✈❛❧✉❡
σ(z) ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠✉❧t✐♣❧❡ s✐♥❣✉❧❛r ✈❡❝t♦rs✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ♦t❤❡r ❝❤❛r✲
❛❝t❡r✐③❛t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ♣r♦❥❡❝t♦r Π✳
❚❤❡♦r❡♠ ✽✳ ▲❡t z ∈ V ✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t
✭❛✮ v∗ ∈ Π(z).
✭❜✮ v∗ ∈ S1 s❛t✐s✜❡s
Ez(v∗) = min
v∈S1
Ez(v). ✭✶✷✮
✇❤❡r❡ t❤❡ ♠❛♣ Ez ✐s ❞❡✜♥❡❞ ❛s
Ez(v) = 1
2
‖v‖2 − (z, v).
▼♦r❡♦✈❡r✱
Ez(v∗) = −1
2
σ(z)2 = −1
2
‖v∗‖2, ✭✶✸✮
‖z − v∗‖2 = ‖z‖2 − σ(z)2 = ‖z‖2 − ‖v∗‖2, ✭✶✹✮
❛♥❞
(z − v∗, v∗) = 0. ✭✶✺✮
Pr♦♦❢✳ ❙✐♥❝❡
Ez(v) = 1
2
(v, v)− (z, v) = 1
2
‖z − v‖2 − 1
2
‖z‖2.
❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
min
v∈S1
‖z − v‖2, ✭✶✻✮
❛♥❞
min
v∈S1
Ez(v) = 1
2
min
v∈S1
‖z − v‖2 − 1
2
‖z‖2. ✭✶✼✮
✻
■❢ z = 0 t❤❡♥ v∗ = 0 ❛♥❞ t❤❡ t❤❡♦r❡♠ ❝❧❡❛r❧② ❤♦❧❞s✳ ◆♦✇✱ ❛ss✉♠❡ t❤❛t z 6= 0.
❋r♦♠ ✭✶✼✮ ❛♥❞ ✭✼✮ ✇❡ ❞❡❞✉❝❡
min
v∈S1
Ez(v) = −1
2
max
w∈S1: ‖w‖=1
(z, w)2. ✭✶✽✮
❚❤✉s✱ v∗ ∈ S1 s♦❧✈❡s ✭✶✷✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ v∗ = σ(z)w∗ ❢♦r s♦♠❡ w∗ ∈ V(z). ❚❤✐s
❢♦❧❧♦✇s t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠✳ ❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ❢r♦♠ ✭✶✽✮
❢♦❧❧♦✇s ✭✶✸✮ ❛♥❞ ❜② ✉s✐♥❣ ✭✶✼✮ ✇❡ ♦❜t❛✐♥ ✭✶✹✮✳ ❋✐♥❛❧❧②✱ ❢r♦♠ ✭✶✸✮ ✇❡ ❤❛✈❡ t❤❛t
(v∗, v∗)− (z, v∗) = 0,
❛♥❞ t❤✐s ❢♦❧❧♦✇s ✭✶✺✮✳ 
◆♦✇✱ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ d = 2 ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ σ(z) ✐♥ ❞❡✜♥✐t✐♦♥ ✭✼✮ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
❞♦♠✐♥❛♥t s✐♥❣✉❧❛r ✈❛❧✉❡ ♦❢ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t z ∈
V = V1 ⊗ V2✳ ❇② ✉s✐♥❣ t❤❡ ❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳ ❋♦r ❡❛❝❤ z ∈ V ❛♥❞ w1 ∈ V1 ✭r❡s♣❡❝t✐✈❡❧②✱ w2 ∈ V2) t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ {z, w1}2 ∈ V2 ✭r❡s♣❡❝t✐✈❡❧②✱ {z, w2}1 ∈ V1) s✉❝❤ t❤❛t
(z, w1 ⊗ w2)V = ({z, w1}2, w2)2 ✭✶✾✮
❢♦r ❛❧❧ w2 ∈ V2, ✭r❡s♣❡❝t✐✈❡❧②✱
(z, w1 ⊗ w2)V = ({z, w2}1, w1)1 ✭✷✵✮
❢♦r ❛❧❧ w1 ∈ V1). ❖❜s❡r✈❡ t❤❛t s✐♥❝❡ (u1 ⊗ u2, w1 ⊗ w2)V = (u1, w1)1(u2, w2)2
t❤❡♥ {u1 ⊗ u2, w1}2 = (u1, w1)1u2 ❛♥❞ {u1 ⊗ u2, w2}1 = (u2, w2)1u1. ❘❡❝❛❧❧ t❤❡
❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞♦♠✐♥❛♥t ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡
♦♣❡r❛t♦r A : V2 → V2 ❛s
σ1 = max‖w‖2=1
(w,w)
1/2
A .
❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ♣r♦✈✐❞❡ ✉s ❛ ❝❧❛ss✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ σ(z) ✐♥ t❤❡ ❝❛s❡
d = 2✳
Pr♦♣♦s✐t✐♦♥ ✾✳ ■❢ V = V1 ⊗ V2 ❛♥❞ ✐❢ (·, ·) = (·, ·)V ✱ ✇❤✐❝❤ ✐s ❜✉✐❧t ❢r♦♠ ✐♥♥❡r
♣r♦❞✉❝ts (·, ·)1 ❛♥❞ (·, ·)2 ♦♥ V1 ❛♥❞ V2. ❚❤❡♥
σ(z) = max
‖w2‖2=1
({z, w2}1, {z, w2}1)1/21 = max‖w1‖1=1({z, w1}2, {z, w1}2)
1/2
2 . ✭✷✶✮
Pr♦♦❢✳ ❲❡ ❤❛✈❡
σ(z) = max
w∈S1;‖w‖=1
(z, w)V = max
w1 ∈ V1; ‖w1‖1 = 1
w2 ∈ V2; ‖w2‖2 = 1
(z, w1 ⊗ w2)V
❜❡❝❛✉s❡ ‖u1 ⊗ u2‖V = ‖u1‖1‖u2‖2 = 1 ❛♥❞ ✇❡ ❝❛♥ ✇r✐t❡ ❢♦r ❛❧❧ λ ∈ R \ {0},
u1 = λw1 ✇✐t❤ ‖w1‖1 = 1 ❛♥❞ u2 = λ−1w2 ✇✐t❤ ‖w2‖2 = 1. ◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r
t❤❡ ♣r♦❜❧❡♠
max
w2∈V2;‖w2‖2=1
(z, w1 ⊗ w2)V = max
w2∈V2;‖w2‖2=1
({z, w1}2, w2)2 ✭✷✷✮
✼
❚♦ s♦❧✈❡ ✐t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢✉♥❝t✐♦♥
L(w2, λ) = ({z, w1}2, w2)2 −
λ
2
((w2, w2)2 − 1) .
❙✐♥❝❡
Dw2L(w2, λ) = ({z, w1}2, ·)2 − λ(w2, ·)2,
t❤❡ ♠❛①✐♠✉♠ ✐s ❛tt❛✐♥❡❞ ❛t
w2 = λ
−1{z, w1}2.
❇② ✉s✐♥❣ t❤❛t ‖w2‖2 = 1 ✇❡ ♦❜t❛✐♥ λ = ‖{z, w1}2‖2. ❚❤❡r❡❢♦r❡
σ(z) = max
w1∈V1;‖w1‖1=1
({z, w1}2, {z, w1}2)1/22 ✭✷✸✮
✇❤✐❝❤ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❞♦♠✐♥❛♥t s✐♥✲
❣✉❧❛r ✈❛❧✉❡ ♦❢ z✳ ▲❡t ✉s ♥♦t❡ t❤❛t ✐♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❝♦✉❧❞ ❛❧s♦ ♣r♦✈❡ t❤❛t
σ(z) = max
w2∈V2;‖w2‖2=1
({z, w2}1, {z, w2}1)1/21 . ✭✷✹✮

✸✳ ❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❊❝❦❛rt✲❨♦✉♥❣ t❤❡♦r❡♠
◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❊❝❦❛rt✲❨♦✉♥❣ t❤❡♦r❡♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡
✈✐❡✇❡❞ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥
✇✐t❤ r❡s♣❡❝t t♦ ✐♥♥❡r ♣r♦❞✉❝ts ♥♦t ♥❡❝❡ss❛r✐❧② ❜✉✐❧t ❜② t❡♥s♦r✐③❛t✐♦♥ ♦❢ ✐♥♥❡r
♣r♦❞✉❝ts✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t (·, ·) ❛♥❞ ❛ss♦❝✐❛t❡❞ ♥♦r♠ ‖·‖ s❛t✐s❢②✐♥❣
❆ss✉♠♣t✐♦♥ ✹✳ ❲❡ ❞❡♥♦t❡ ❜② Π t❤❡ ❛ss♦❝✐❛t❡❞ t❡♥s♦r r❛♥❦✲♦♥❡ ♣r♦❥❡❝t♦r✱ ❞❡✜♥❡❞
❜② ✭✸✮ ✭♦r ✭✶✶✮✮✳
❉❡✜♥✐t✐♦♥ ✶✵ ✭Pr♦❣r❡ss✐✈❡ s❡♣❛r❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t ✐♥ V ✮✳
❋♦r ❛ ❣✐✈❡♥ z ∈ V ✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ {zn}n>0✱ ✇✐t❤ zn ∈ Sn✱ ❛s ❢♦❧❧♦✇s✿
z0 = 0 ❛♥❞ ❢♦r n > 1✱
zn =
n∑
i=1
z(i), z(i) ∈ Π(z − zi−1) ✭✷✺✮
♦r ❡q✉✐✈❛❧❡♥t❧②
zn =
n∑
i=1
σiw
(i), σi = σ(z − zi−1), w(i) ∈ V(z − zi−1) ✭✷✻✮
zn ✐s ❝❛❧❧❡❞ ❛♥ ♦♣t✐♠❛❧ r❛♥❦✲n ♣r♦❣r❡ss✐✈❡ s❡♣❛r❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ z ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♥♦r♠ ‖ · ‖✳
✽
❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❡ss✐✈❡ r❛♥❦✷✳
❉❡✜♥✐t✐♦♥ ✶✶ ✭Pr♦❣r❡ss✐✈❡ r❛♥❦✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❣r❡ss✐✈❡ r❛♥❦ ♦❢ ❛♥ ❡❧✲
❡♠❡♥t z ∈ V ✱ ❞❡♥♦t❡❞ ❜② rankσ(z)✱ ❛s ❢♦❧❧♦✇s✿
rankσ(z) = min{n : σ(z − zn) = 0} ✭✷✼✮
✇❤❡r❡ zn ✐s t❤❡ ♣r♦❣r❡ss✐✈❡ s❡♣❛r❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ z✱ ❞❡✜♥❡❞ ✐♥ ❞❡✜♥✐t✐♦♥
✶✵✱ ✇❤❡r❡ ❜② ❝♦♥✈❡♥t✐♦♥ min(∅) =∞✳
❇❡❢♦r❡ ✇❡ st❛t❡ t❤❡ ●❡♥❡r❛❧✐③❡❞ ❊❝❦❛rt✲❨♦✉♥❣ t❤❡♦r❡♠ ✇❡ r❡❝❛❧❧ t❤❡ ❝❧❛ss✐❝❛❧
♦♥❡ t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥✳
❚❤❡♦r❡♠ ✶✷ ✭❊❝❦❛rt✲❨♦✉♥❣ t❤❡♦r❡♠✮✳ ▲❡t V = Rn ⊗Rm ❛♥❞ ❧❡t ❜❡ ‖ · ‖F
t❤❡ ❋r♦❜❡♥✐♦✉s ♥♦r♠ ♦♥ V. ❋♦r ❡❛❝❤ z ∈ V ❛♥❞ 1 ≤ n ≤ rank z, t❤❡r❡ ❡①✐sts
zn =
∑n
i=1 σi vi ⊗ wi ❛ ✭♥♦♥✉♥✐q✉❡✮ ♠✐♥✐♠✐③❡r ♦❢
min
w∈Sn
‖z − w‖F , ✭✷✽✮
✇❤❡r❡ σi > 0, ‖vi ⊗ wi‖F = 1 ❢♦r 1 ≤ i ≤ n, ❛♥❞ s✉❝❤ t❤❛t
‖z −
n∑
i=1
σi vi ⊗ wi‖2F = ‖z‖2F −
n∑
i=1
σ2i =
rank z∑
j=n+1
σ2j ,
❤♦❧❞s✳ ❍❡r❡ rank z ❞❡♥♦t❡s t❤❡ ♠❛tr✐① r❛♥❦ ♦❢ z ∈ V.
■♥ t❤✐s t❤❡♦r❡♠ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦✈❡r t❤❡ ♠❛tr✐① s♣❛❝❡ V = Rn ⊗ Rm ✐s
❞❡✜♥❡❞ ❜② u ⊗ v = u · vT , ✇❤❡r❡ vT ❞❡♥♦t❡s t❤❡ tr❛♥s♣♦s❡ ♦❢ ✈❡❝t♦r v. ❚❤❡♥✱
✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ‖z‖2F =
∑n
i=1
∑m
j=1 z
2
i,j ✐s ❛
❝r♦ss♥♦r♠ ♦♥ Rn ⊗ Rm.
❘❡♠❛r❦ ✶✸✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐♥ ❬✽❪✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t❤❛t t❡♥s♦rs ♦❢ ♦r❞❡r ✸
♦r ❤✐❣❤❡r ❝❛♥ ❢❛✐❧ t♦ ❤❛✈❡ ❜❡st r❛♥❦✲n ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❛t ✐s✱ ✭✷✽✮ ✐s ✐❧❧✲♣♦s❡❞
❢♦r t❡♥s♦rs ♦❢ ♦r❞❡r ✸ ♦r ❤✐❣❤❡r✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❧② r❛♥❦✲♦♥❡ ❛♣♣r♦①✐♠❛t✐♦♥s
❛r❡ ❛✈❛✐❧❛❜❧❡✳
◆♦✇ ✇❡ st❛t❡ t❤❡ ●❡♥❡r❛❧✐③❡❞ ❊❝❦❛rt✲❨♦✉♥❣ t❤❡♦r❡♠✳
❚❤❡♦r❡♠ ✶✹ ✭●❡♥❡r❛❧✐③❡❞ ❊❝❦❛rt✲❨♦✉♥❣ t❤❡♦r❡♠✮✳ ❋♦r z ∈ V ✱ t❤❡ s❡✲
q✉❡♥❝❡ {zn =
∑n
i=1 σiw
(i)}n>0 ❝♦♥str✉❝t❡❞ ✐♥ ❞❡✜♥✐t✐♦♥ ✶✵ ✈❡r✐✜❡s✿
z = lim
n→∞ zn = zrankσ(z) =
rankσ(z)∑
i=1
σiw
(i)
❛♥❞
‖z − zn‖2 = ‖z‖2 −
n∑
i=1
σ2i =
rankσ(z)∑
i=n+1
σ2i .
✷◆♦t❡ t❤❛t ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ♣r♦❣r❡ss✐✈❡ r❛♥❦ rankσ ♦❢ ❛♥ ❡❧❡♠❡♥t z ∈ V ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡
♦♣t✐♠❛❧ r❛♥❦ rank⊗(z)✳
✾
Pr♦♦❢✳ ▲❡t en−1 = z − zn−1✱ ❢♦r n ≥ 1✱ ✇❤❡r❡ ❜② ❝♦♥✈❡♥t✐♦♥ z0 = 0✳ ❲❡
❤❛✈❡ w(n) =
⊗d
i=1 w
n
i ∈ V(en−1) ❛♥❞ σn = σ(z − zn−1) = σ(en−1)✳ ❲❡ ❧❡t
z(n) = σnw
(n) ∈ S1✳ ▲❡t ✉s ✜rst ♥♦t❡ t❤❛t ✐t ❤♦❧❞s ❢♦r 1 ≤ n ≤ rankσ(z) t❤❛t
z(n) 6= 0 s✐♥❝❡ ❢♦r s✉❝❤ n✱ σ(z − zn−1) > 0 ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❡ss✐✈❡ r❛♥❦✳
❲❡ ❤❛✈❡
‖en‖2 = ‖en−1 − z(n)‖2 ✭✷✾✮
= ‖en−1‖2 − ‖z(n)‖2 (❜② ✉s✐♥❣ ✭✶✹✮) ✭✸✵✮
= ‖en−1‖2 − σ2n ✭✸✶✮
❚❤✉s {‖en‖}rankσ(z)n=0 ✐s ❛ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠✲
❜❡rs✳
❲❡ ✜rst ❛ss✉♠❡ t❤❛t rankσ(z) = r < ∞✳ ❚❤❡♥✱ σr = σ(z − zr) = 0 ❛♥❞
z(r+1) = 0 s✐♥❝❡
‖z − zr − z(r+1)‖2 = ‖z − zr‖2 − σ2r = ‖z − zr‖2
❲❡ ❤❛✈❡
‖z − zr‖2 = min
v∈S1
‖z − zr − v‖2 ≤ ‖z − zr − λv‖2
❢♦r ❛❧❧ λ ∈ R ❛♥❞ v ∈ S1✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t(
z − zr,
(⊗di=1vi)) = 0
❢♦r ❛❧❧ (v1, . . . , vd) ∈ V✳ ❚❤✉s z − zr = 0 ❛♥❞ t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡♦r❡♠
❢♦❧❧♦✇s✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛ss✉♠❡ t❤❛t rankσ(z) =∞. ❚❤❡♥ {‖en‖}∞n=0 ✐s ❛ str✐❝t❧②
❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱ ❛♥❞ t❤❡r❡ ❡①✐sts
lim
n→∞ ‖en‖ = limn→∞ ‖z − zn‖ = R ≥ 0.
Pr♦❝❡❡❞✐♥❣ ❢r♦♠ ✭✸✶✮ ❛♥❞ ✉s✐♥❣ t❤❛t e0 = z✱ ✇❡ ♦❜t❛✐♥
‖en‖2 = ‖z‖2 −
n∑
k=1
σ2k. ✭✸✷✮
■♥ ❝♦♥s❡q✉❡♥❝❡✱
∑∞
k=1 σ
2
k ✐s ❛ ❝♦♥✈❡r❣❡♥t s❡r✐❡s ❛♥❞ limn→∞ σ
2
n = 0✳ ❚❤✉s✱ ✇❡
♦❜t❛✐♥ ❛❧s♦
lim
n→∞σn = limn→∞ ‖z
(n)‖ = 0. ✭✸✸✮
❋♦r ❛❧❧ n ≥ 1 ❛♥❞ (w1, . . . , wd) ∈ V ✇✐t❤
∥∥(⊗di=1wi)∥∥ = 1✱ ✇❡ ❤❛✈❡(
en−1,
(⊗di=1wi))2 ≤ max
w∈S1: ‖w‖=1
(en−1, w)
2
= σ2n ✭✸✹✮
❛♥❞ t❤❡♥
lim
n→∞
(
en−1,
(⊗di=1wi))2 = 0 ✭✸✺✮
✶✵
❆ss✉♠❡ t❤❛t {en}∞n=0 ✐s ❝♦♥✈❡r❣❡♥t ✐♥ t❤❡ ‖ · ‖✲♥♦r♠ t♦ s♦♠❡ e∗ ∈ V. ❙✐♥❝❡ t❤❡
s❡q✉❡♥❝❡ ✐s ❛❧s♦ ✇❡❛❦❧② ❝♦♥✈❡r❣❡♥t t♦ e∗✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✸✺✮ t❤❛t(
e∗,
(⊗di=1wi)) = 0
❢♦r ❛❧❧ (w1, . . . , wd) ∈ V ✇✐t❤
∥∥(⊗di=1wi)∥∥ = 1. ❚❤✉s✱ e∗ = 0✳ ❚♦ ❝♦♥❝❧✉❞❡ t❤❡
♣r♦♦❢ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❛t {en}∞n=1 ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ V ✐♥ t❤❡
‖ · ‖✲♥♦r♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛s ✇✐❧❧ ❜❡ ✉s❡❢✉❧✳
▲❡♠♠❛ ✶✺✳ ❋♦r ❡❛❝❤ n,m ≥ 1✱ ✐t ❢♦❧❧♦✇s t❤❛t∣∣∣(em−1, z(n))∣∣∣ ≤ σmσn
Pr♦♦❢✳ ❲❡ ❤❛✈❡∣∣∣(em−1, z(n))∣∣∣ = ∣∣∣(em−1, σnw(n))∣∣∣ = ∣∣∣(em−1, w(n))∣∣∣σn ≤ σmσn
✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞
σm =
(
em−1, w(m)
)
= max
w∈S1:‖w‖=1
(em−1, w) ≥
(
em−1, w(n)
)
,

▲❡♠♠❛ ✶✻✳ ❋♦r ❡✈❡r② ε > 0 ❛♥❞ ❡✈❡r② N ∈ N t❤❡r❡ ❡①✐sts τ ≥ N s✉❝❤ t❤❛t
στ
τ∑
k=1
σk ≤ ε. ✭✸✻✮
Pr♦♦❢✳ ❙✐♥❝❡
∑∞
j=1 σ
2
j < ∞✱ ❢♦r ❛ ❣✐✈❡♥ ε > 0 ❛♥❞ N ∈ N✱ ✇❡ ❝❤♦♦s❡ n ≥ N
s✉❝❤ t❤❛t ∞∑
j=n+1
σ2j ≤ ε/2
❙✐♥❝❡ limj→∞ σj = 0, ✇❡ ❝♦♥str✉❝t τ : N −→ N ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ❜② τ(1) = 1
❛♥❞ ❢♦r ❛❧❧ k ≥ 1✱
τ(k + 1) = min
j>τ(k)
{
σj ≤ στ(k)
}
,
s✉❝❤ t❤❛t τ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ limk→∞ τ(k) = ∞. ❖❜s❡r✈❡ t❤❛t ❢♦r ❛❧❧
k ≥ 1 ❛♥❞ j s❛t✐s❢②✐♥❣ τ(k) ≤ j < τ(k + 1)✱ ✐t ❢♦❧❧♦✇s t❤❛t
στ(k+1) ≤ στ(k) ≤ σj .
❚❤✉s✱ ❢♦r ❛❧❧ 1 ≤ j < τ(k + 1)✱ ✇❡ ❤❛✈❡
στ(k+1) ≤ σj
◆♦✇✱ s✐♥❝❡ limk→∞ στ(k) = 0✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ τ = τ(k + 1) > n ❧❛r❣❡ ❡♥♦✉❣❤
s❛t✐s❢②✐♥❣
στ
n∑
j=1
σj ≤ ε/2.
✶✶
❚❤❡♥
στ
τ∑
j=1
σj = στ
n∑
j=1
σj + στ
τ∑
j=n+1
σj ≤ ε/2 + στ
τ∑
j=n+1
σj
≤ ε/2 +
τ∑
j=n+1
σ2j ≤ ε/2 +
∞∑
j=n+1
σ2j
≤ ε
❚❤✐s ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳ 
▲❡♠♠❛ ✶✼✳ ❋♦r ❛❧❧ M > N > 0✱ ✐t ❢♦❧❧♦✇s t❤❛t
‖eN−1 − eM−1‖2 ≤ ‖eN−1‖2 − ‖eM−1‖2 + 2σM
M∑
k=1
σk
Pr♦♦❢✳ ❲❡ ❤❛✈❡
‖eN−1 − eM−1‖2 = ‖eN−1‖2 + ‖eM−1‖2 − 2 (eM−1, eN−1)
= ‖eN−1‖2 + ‖eM−1‖2 − 2
(
eM−1, eM−1 +
M−1∑
k=N
z(k)
)
= ‖eN−1‖2 − ‖eM−1‖2 − 2
M−1∑
k=N
(
eM−1, z(k)
)
≤ ‖eN−1‖2 − ‖eM−1‖2 + 2σM
M−1∑
k=N
σk (❜② ✉s✐♥❣ ▲❡♠♠❛ ✶✺)
≤ ‖eN−1‖2 − ‖eM−1‖2 + 2σM
M∑
k=1
σk ✭❜② ❛❞❞✐♥❣ ♣♦s✐t✐✈❡ t❡r♠s✳✮
❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛✳ 
❙✐♥❝❡ t❤❡ ❧✐♠✐t ♦❢ ‖en‖2 ❣♦❡s t♦ R2 ❛s n→∞, ❛♥❞ ✐t ✐s ❛ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡✱
❢♦r ❛ ❣✐✈❡♥ ε > 0 t❤❡r❡ ❡①✐sts kε > 0 s✉❝❤ t❤❛t
R2 ≤ ‖em−1‖2 ≤ R2 + ε2/2
❢♦r ❛❧❧ m > kε. ◆♦✇✱ ✇❡ ❛ss✉♠❡ t❤❛t m > kε. ❋r♦♠ ▲❡♠♠❛ ✶✻✱ ❢♦r ❡❛❝❤ m+ p
t❤❡r❡ ❡①✐sts τ > m+ p s✉❝❤ t❤❛t
στ
τ∑
k=1
σk ≤ ε2/4.
◆♦✇✱ ✇❡ ✇♦✉❧❞ t♦ ❡st✐♠❛t❡
‖em−1 − em+p−1‖ ≤ ‖em−1 − eτ−1‖+ ‖eτ−1 − em+p−1‖.
✶✷
❇② ✉s✐♥❣ ▲❡♠♠❛ ✶✼ ✇✐t❤ M = τ ❛♥❞ N = m ❛♥❞ m+ p ✱ ✇❡ ♦❜t❛✐♥ t❤❛t
‖em−1 − eτ−1‖2 ≤ R2 + ε2/2−R2 + ε2/2 = ε2,
❛♥❞
‖em+p−1 − eτ−1‖2 ≤ R2 + ε2/2−R2 + ε2/2 = ε2,
r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❝♦♥s❡q✉❡♥❝❡ {en}∞n=0 ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ t❤❡ ‖·‖✲♥♦r♠ ❛♥❞
✐t ❝♦♥✈❡r❣❡s t♦ 0. 
✹✳ Pr♦♣❡r ●❡♥❡r❛❧✐③❡❞ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❝❧❛ss ♦❢
❧✐♥❡❛r s②♠♠❡tr✐❝ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠
✹✳✶✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠
❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✱ ❞❡✜♥❡❞ ♦♥ t❤❡ ❛ t❡♥s♦r ♣r♦❞✲
✉❝t ❍✐❧❜❡rt s♣❛❝❡ (V, ‖ · ‖V )✿
u ∈ V, A(u, v) = L(v) ∀v ∈ V ✭✸✼✮
✇❤❡r❡ A(·, ·) : V × V −→ R ✐s ❛ ❝♦♥t✐♥✉♦✉s✱ s②♠♠❡tr✐❝✱ V−❡❧❧✐♣t✐❝ ❜✐❧✐♥❡❛r
❢♦r♠✱ ✐✳❡✳ s✉❝❤ t❤❛t ❢♦r ❛❧❧ u, v ∈ V,
|A(u, v)| ≤M‖u‖V ‖v‖V , ✭✸✽✮
A(u, v) = A(v, u), ✭✸✾✮
A(v, v) ≥ α‖v‖2V ✭✹✵✮
❢♦r ❝♦♥st❛♥ts M > 0 ❛♥❞ α > 0✳
✹✳✷✳ Pr♦❜❧❡♠ ✐♥ ♦♣❡r❛t♦r ❢♦r♠
❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r A : V −→ V ❛ss♦❝✐❛t❡❞ ✇✐t❤ A✱ ❛♥❞ ❞❡✜♥❡❞ ❜②
A(u, v) = (Au, v)V ✭✹✶✮
❢♦r ❛❧❧ u, v ∈ V. ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❡❧❡♠❡♥t l ∈ V ❛ss♦❝✐❛t❡❞ ✇✐t❤ L ❛♥❞
❞❡✜♥❡❞ ❜②
L(v) = (l, v)V ✭✹✷✮
❢♦r ❛❧❧ v ∈ V.✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ A ❛♥❞ l ✐s ❡♥s✉r❡❞ ❜② t❤❡ ❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥
t❤❡♦r❡♠✳ Pr♦❜❧❡♠ ✭✸✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ ❛♥ ♦♣❡r❛t♦r ❢♦r♠✿
Au = l ✭✹✸✮
❋r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ A(·, ·), ✇❡ ❦♥♦✇ t❤❛t A ✐s ❜♦✉♥❞❡❞✱
s❡❧❢✲❛❞❥♦✐♥t✱ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ✐✳❡ ❢♦r ❛❧❧ u, v ∈ V,
‖Av‖V ≤M‖v‖V ,
(Au, v)V = (u,Av)V
(Av, v)V ≥ α‖v‖2V
✶✸
❆s ✉s✉❛❧✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② (·, ·)A t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥❞✉❝❡❞ ❜② t❤❡ ♦♣❡r❛t♦r A,
✇❤❡r❡ ❢♦r ❛❧❧ u, v ∈ V
(u, v)A = (Au, v)V = (u,Av)V ,
❲❡ ❞❡♥♦t❡ ❜② ‖u‖A = (u, u)1/2A t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦r♠✳ ◆♦t❡ t❤❛t ✐❢ A = I t❤❡
✐❞❡♥t✐t② ♦♣❡r❛t♦r✱ t❤❡♥ ‖ · ‖A = ‖ · ‖V .
✹✳✸✳ ❘❛♥❦✲♦♥❡ ♣r♦❥❡❝t♦r ❜❛s❡❞ ♦♥ t❤❡ A✲♥♦r♠
❋r♦♠ ♣r♦♣❡rt✐❡s ♦❢ ♦♣❡r❛t♦r A✱ t❤❡ ♥♦r♠ ‖ ·‖A ✐s ❡q✉✐✈❛❧❡♥t t♦ ‖ ·‖V ✳ ❚❤❡r❡✲
❢♦r❡✱ ❜② ❈♦r♦❧❧❛r② ✷✱ t❤❡ s❡t S1 ✐s ✇❡❛❦❧② ❝❧♦s❡❞ ✐♥ (V, ‖ · ‖A) ❛♥❞ t❤❡♥✱ ‖ · ‖A
✈❡r✐✜❡s ❛ss✉♠♣t✐♦♥ ✹✳ ❋♦r ❛ ❣✐✈❡♥ z ∈ V ✱ ✇❡ ✉s❡ ❞❡✜♥✐t✐♦♥ ✺ ❛♥❞ ✼ ✇✐t❤
(·, ·) = (·, ·)A ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ r❛♥❦✲♦♥❡ ♣r♦❥❡❝t♦r ΠA(z)✱ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡
σA(z) ❛♥❞ t❤❡ s❡t ♦❢ s✐♥❣✉❧❛r ✈❡❝t♦rs VA(z)✳
✹✳✹✳ Pr♦♣❡r ●❡♥❡r❛❧✐③❡❞ ❉❡❝♦♠♣♦s✐t✐♦♥
❚❤❡ ♣r♦❣r❡ss✐✈❡ Pr♦♣❡r ●❡♥❡r❛❧✐③❡❞ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭P●❉✮ ♦❢ t❤❡ s♦❧✉t✐♦♥
u = A−1l ♦❢ ♣r♦❜❧❡♠ ✭✸✼✮ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♦♣t✐♠❛❧ ♣r♦❣r❡ss✐✈❡ s❡♣❛r❛t❡❞ r❡♣✲
r❡s❡♥t❛t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✵✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦❥❡❝t♦r Π = ΠA✳ ❚❤❡
r❛♥❦✲n ♣r♦❣❡ss✐✈❡ P●❉ ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s
un =
n∑
i=1
u(i), u(i) ∈ ΠA(u− ui−1) ✭✹✹✮
❋r♦♠ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ A✲♥♦r♠✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❊❝❦❛r❞✲❨♦✉♥❣ ❚❤❡♦r❡♠ ✶✹ ❡♥✲
s✉r❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s s❡q✉❡♥❝❡✳
❘❡♠❛r❦ ✶✽✳ ▲❡t ✉s ♥♦t❡ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ♣r♦❣r❡ss✐✈❡ P●❉ ✐s t❤❡ s✐♠♣❧❡st
❞❡✜♥✐t✐♦♥ ♦❢ P●❉✳ ❖t❤❡r ❞❡✜♥✐t✐♦♥s ♦❢ P●❉ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✱ ✇❤✐❝❤ ❤❛✈❡
❜❡tt❡r ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ❬✶✾✱ ✷✵❪✳
✺✳ ▼✐♥✐♠❛❧ ❘❡s✐❞✉❛❧ Pr♦♣❡r ●❡♥❡r❛❧✐③❡❞ ❉❡❝♦♠♣♦s✐t✐♦♥
✺✳✶✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠
❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿
u ∈ V, A(u, v) = L(v) ∀v ∈ V ✭✹✺✮
✇❤❡r❡ A ❛♥❞ L ❛r❡ ❝♦♥t✐♥✉♦✉s ❜✐❧✐♥❡❛r ❛♥❞ ❧✐♥❡❛r ❢♦r♠s ♦♥ V r❡s♣❡❝t✐✈❡❧②✳ ❇②
❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ ♦♣❡r❛t♦r A : V → V ❛♥❞ ✈❡❝t♦r l ∈ V t♦
❜✐❧✐♥❡❛r ❢♦r♠ A ❛♥❞ ❧✐♥❡❛r ❢♦r♠ L✱ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥s ✭✹✶✮ ❛♥❞
✭✹✷✮✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ A ✐♠♣❧✐❡s t❤❛t A ✐s ❜♦✉♥❞❡❞✱ ✐✳❡✳
∃M > 0 s✉❝❤ t❤❛t ‖Av‖V ≤M‖v‖V ✭✹✻✮
❲❡ ❢✉rt❤❡r ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦♥ A✿ ❢♦r ❛❧❧ v ∈ V ✱
∃c > 0 s✉❝❤ t❤❛t ‖Av‖V ≥ c‖v‖V ✭✹✼✮
✶✹
✺✳✷✳ ▲❡❛st✲sq✉❛r❡ ❢♦r♠✉❧❛t✐♦♥
❲❡ ✐♥tr♦❞✉❝❡ ❛ ❧❡❛st✲sq✉❛r❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✹✺✮✿
u ∈ V, A˜(u, v) = L˜(v) ∀v ∈ V ✭✹✽✮
✇✐t❤
A˜(u, v) = (A(u), A(v))D ✭✹✾✮
L˜(v) = (l, A(v))D ✭✺✵✮
✇❤❡r❡ D : V → V ✐s ❛ s②♠♠❡tr✐❝ ❝♦♥t✐♥✉♦✉s ❛♥❞ V ✲❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r ✇❤✐❝❤
❞❡✜♥❡s ❛♥ ✐♥♥❡r ♣r♦❞✉❝t (·, ·)D ♦♥ V ✳ ❇✐❧✐♥❡❛r ❢♦r♠ A˜ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦♣❡r❛t♦r
A˜ = A∗DA✱ ✇❤❡r❡ A∗ ✐s t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ♦❢ A✳ ❋r♦♠ ♣r♦♣❡rt✐❡s ♦❢ A ❛♥❞
D✱ A˜ : V → V ✐s s②♠♠❡tr✐❝ ❝♦♥t✐♥✉♦✉s ❛♥❞ V ✲❡❧❧✐♣t✐❝✳ ■t t❤❡♥ ❞❡✜♥❡s ❛♥ ✐♥♥❡r
♣r♦❞✉❝t ♦♥ V ✱ ❞❡♥♦t❡❞ (·, ·)A˜✱ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ♥♦r♠ ‖ ·‖A˜ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦
t❤❡ ♥♦r♠ ‖·‖V ✳ ❋♦r♠✉❧❛t✐♦♥ ✭✹✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠❛❧ r❡s✐❞✉❛❧
❢♦r♠✉❧❛t✐♦♥✿
u = argmin
v∈V
1
2
‖A(v)− l‖2D = argmin
v∈V
1
2
‖v −A−1l‖2
A˜
✭✺✶✮
✺✳✸✳ Pr♦❣r❡ss✐✈❡ ▼✐♥✐♠❛❧ ❘❡s✐❞✉❛❧ Pr♦♣❡r ●❡♥❡r❛❧✐③❡❞ ❉❡❝♦♠♣♦s✐t✐♦♥
❙✐♥❝❡ ‖ · ‖A˜ ✐s ❡q✉✐✈❛❧❡♥t t♦ ‖ · ‖V ♦♥ V ✱ S1 ✐s ✇❡❛❦❧② ❝❧♦s❡❞ ✐♥ (V, ‖ · ‖A˜)✱
❜② ❈♦r♦❧❧❛r② ✷✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ ❛ t❡♥s♦r r❛♥❦✲♦♥❡ ♣r♦❥❡❝t✐♦♥ ΠA˜ ❛ss♦❝✐❛t❡❞
✇✐t❤ A˜✱ ❛s ❧♦♥❣ ❛s t❤❡ ❞♦♠✐♥❛♥t s✐♥❣✉❧❛r ✈❛❧✉❡ σA˜(z) ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ s❡t ♦❢
❞♦♠✐♥❛♥t s✐♥❣✉❧❛r ✈❡❝t♦rs VA˜(z)✱ ❢♦r ❡❛❝❤ z ∈ V✳
❚❤❡ ♠✐♥✐♠❛❧ r❡s✐❞✉❛❧ ♣r♦❣r❡ss✐✈❡ Pr♦♣❡r ●❡♥❡r❛❧✐③❡❞ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭P●❉✮
♦❢ t❤❡ s♦❧✉t✐♦♥ u = A−1l ♦❢ ♣r♦❜❧❡♠ ✭✹✺✮ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♦♣t✐♠❛❧ ♣r♦❣r❡ss✐✈❡
s❡♣❛r❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✵✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦❥❡❝t♦r Π =
ΠA˜✳ ❆ r❛♥❦✲n ♠✐♥✐♠❛❧ r❡s✐❞✉❛❧ ♣r♦❣❡ss✐✈❡ P●❉ ✐s ❞❡✜♥❡❞ ❛s
un =
n∑
i=1
u(i), u(i) ∈ ΠA˜(u− ui−1)
❋r♦♠ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ A˜✲♥♦r♠✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❊❝❦❛r❞✲❨♦✉♥❣ ❚❤❡♦r❡♠ ✶✹ ❡♥✲
s✉r❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s s❡q✉❡♥❝❡✳
❘❡♠❛r❦ ✶✾✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠✐♥✐♠❛❧ r❡s✐❞✉❛❧ P●❉ str♦♥❣❧② ❞❡♣❡♥❞s
♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ D✲♥♦r♠✳ ❈❤♦♦s✐♥❣ ❢♦r D t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r ♦♥ V ✱ ❝♦r✲
r❡s♣♦♥❞✐♥❣ t♦ (·, ·)D = (·, ·)✱ ✉s✉❛❧❧② ❧❡❛❞s t♦ ✈❡r② ♣♦♦r ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s
✭❛❧t❤♦✉❣❤ ✐t ✐s ✈❡r② ❝♦♥✈❡♥✐❡♥t ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✮✳ ❈❤♦♦s✐♥❣ ❛
✏❣♦♦❞✑ D ✐s ❛ ❝r✐t✐❝❛❧ ♣r♦❜❧❡♠✳ ❆ ❝♦♠♣r♦♠✐s❡ ♠✉st ❜❡ ♠❛❞❡ ❜❡t✇❡❡♥ ❣♦♦❞ ❝♦♥✲
✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ un ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐ss✉❡s r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ un✳
✶✺
❬✶❪ ❆✳ ❆♠♠❛r✱ ❇✳ ▼♦❦❞❛❞✱ ❋✳ ❈❤✐♥❡st❛✱ ❛♥❞ ❘✳ ❑❡✉♥✐♥❣s✳ ❆ ♥❡✇ ❢❛♠✐❧② ♦❢
s♦❧✈❡rs ❢♦r s♦♠❡ ❝❧❛ss❡s ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
❡♥❝♦✉♥t❡r❡❞ ✐♥ ❦✐♥❡t✐❝ t❤❡♦r② ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦♠♣❧❡① ✢✉✐❞s✳ ❏♦✉r♥❛❧ ♦❢ ◆♦♥✲
◆❡✇t♦♥✐❛♥ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s✱ ✶✸✾✭✸✮✿✶✺✸✕✶✼✻✱ ✷✵✵✻✳
❬✷❪ ❆✳ ❆♠♠❛r✱ ❇✳ ▼♦❦❞❛❞✱ ❋✳ ❈❤✐♥❡st❛✱ ❛♥❞ ❘✳ ❑❡✉♥✐♥❣s✳ ❆ ♥❡✇ ❢❛♠✐❧②
♦❢ s♦❧✈❡rs ❢♦r s♦♠❡ ❝❧❛ss❡s ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
❡♥❝♦✉♥t❡r❡❞ ✐♥ ❦✐♥❡t✐❝ t❤❡♦r② ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦♠♣❧❡① ✢✉✐❞s ♣❛rt ■■✿ ❚r❛♥s✐❡♥t
s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ s♣❛❝❡✲t✐♠❡ s❡♣❛r❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ◆♦♥✲
◆❡✇t♦♥✐❛♥ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s✱ ✶✹✹✭✷✕✸✮✿✾✽✕✶✷✶✱ ✷✵✵✼✳
❬✸❪ ❆✳ ❆♠♠❛r✱ ❋✳ ❈❤✐♥❡st❛✱ ❛♥❞ ❆✳ ❋❛❧❝ó✳ ❖♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ●r❡❡❞②
❘❛♥❦✲❖♥❡ ❯♣❞❛t❡ ❆❧❣♦r✐t❤♠ ❢♦r ❛ ❝❧❛ss ♦❢ ▲✐♥❡❛r ❙②st❡♠s✳ ❆r❝❤✐✈❡s ♦❢
❈♦♠♣✉t❛t✐♦♥❛❧ ▼❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✼ ✭✹✮✿✹✼✸✲✹✽✻✱ ✷✵✶✵✳
❬✹❪ ❏✳ ❈❤❡♥ ❛♥❞ ❨✳ ❙❛❛❞✳ ❖♥ ❚❤❡ ❚❡♥s♦r ❙✈❞ ❆♥❞ ❚❤❡ ❖♣t✐♠❛❧ ▲♦✇ ❘❛♥❦
❖rt❤♦❣♦♥❛❧ ❆♣♣r♦①✐♠❛t✐♦♥ ❖❢ ❚❡♥s♦rs✳ ❙✐❛♠ ❏♦✉r♥❛❧ ❖♥ ▼❛tr✐① ❆♥❛❧②s✐s
❆♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✵✭✹✮✿✶✼✵✾✕✶✼✸✹✱ ✷✵✵✽✳
❬✺❪ ❋✳ ❈❤✐♥❡st❛✱ ❆✳ ❆♠♠❛r ❛♥❞ ❊✳ ❈✉❡t♦✳ ❘❡❝❡♥t ❛❞✈❛♥❝❡s ✐♥ t❤❡ ✉s❡ ♦❢
t❤❡ ♣r♦♣❡r ❣❡♥❡r❛❧✐③❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r s♦❧✈✐♥❣ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s✳
❆r❝❤✐✈❡s ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✼ ✭✹✮✿✸✷✼✲✸✺✵✱ ✷✵✶✵✳
❬✻❪ ▲✳ ❉❡ ▲❛t❤❛✉✇❡r✱ ❇✳ ❉❡ ▼♦♦r✱ ❛♥❞ ❏✳ ❱❛♥❞❡✇❛❧❧❡✳ ❆ ♠✉❧t✐❧✐♥❡❛r s✐♥❣✉❧❛r
✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❙■❆▼ ❏✳ ▼❛tr✐① ❆♥❛❧✳ ❆♣♣❧✳✱ ✷✶✭✹✮✿✶✷✺✸✕✶✷✼✽✱ ✷✵✵✵✳
❬✼❪ ▲ ❉❡ ▲❛t❤❛✉✇❡r✱ ❇ ❉❡ ▼♦♦r✱ ❛♥❞ ❏ ❱❛♥❞❡✇❛❧❧❡✳ ❖♥ t❤❡ ❜❡st r❛♥❦✲✶ ❛♥❞
r❛♥❦✲✭❘✶✱❘✷✱✳✳✳✱❘✲◆✮ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲♦r❞❡r t❡♥s♦rs✳ ❙✐❛♠ ❏♦✉r♥❛❧
❖♥ ▼❛tr✐① ❆♥❛❧②s✐s ❆♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✶✭✹✮✿✶✸✷✹✕✶✸✹✷✱ ✷✵✵✵✳
❬✽❪ ❱✳ ❞❡ ❙✐❧✈❛ ❛♥❞ ▲✳✲❍✳ ▲✐♠✳ ❚❡♥s♦r r❛♥❦ ❛♥❞ ✐❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❜❡st ❧♦✇✲
r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦❢ ▼❛tr✐① ❆♥❛❧②s✐s ✫ ❆♣♣❧✳✱
✸✵✭✸✮✿✶✵✽✹✕✶✶✷✼✱ ✷✵✵✽✳
❬✾❪ ❆✳ ❉♦♦st❛♥ ❛♥❞ ●✳ ■❛❝❝❛r✐♥♦✳ ❆ ❧❡❛st✲sq✉❛r❡s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♣❛rt✐❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ r❛♥❞♦♠ ✐♥♣✉ts✳ ❏♦✉r♥❛❧ ♦❢
❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s✱ ✷✷✽✭✶✷✮✿✹✸✸✷✕✹✸✹✺✱ ✷✵✵✾✳
❬✶✵❪ ❉✳ ❉✉r❡✐ss❡✐①✱ P✳ ▲❛❞❡✈è③❡✱ ❛♥❞ ❇✳ ❆✳ ❙❝❤r❡✢❡r✳ ❆ ❝♦♠♣✉t❛t✐♦♥❛❧ str❛t❡❣②
❢♦r ♠✉❧t✐♣❤②s✐❝s ♣r♦❜❧❡♠s ✖ ❛♣♣❧✐❝❛t✐♦♥ t♦ ♣♦r♦❡❧❛st✐❝✐t②✳ ■♥t❡r♥❛t✐♦♥❛❧
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